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SUMMARY 

Using the theoretical treatment of Jandera and ChurZek, problems connected 
with evaluation of the concentration-time function are discussed_ It is shown that 
the linear relationships of the type capacity factor wrsus concentration of the more 
efficient eluting component in the binary-solvent mobile phase, measured for different 
chromatographed compounds, can be used to predict the concentration-time function 
for stepwise elution with a mobile phase of constant composition in each step. 

INTRODUCTION 

Liteanu and Gocan wrote’, “Gradient chromatography has developed in the 
general context of evolution of chromatography and is in full progress owing to the 
possibility of automation in the programming of certain parameters”_ The use of 
gradients is a basic means of optimizing the process of chromatographic separation, 
i.e., achievement of the best resolution in as short a time as possible. Of many known 
types of gradients, the greatest experimental possibilities are offered by mobile phase 
gradients. 

The theory of isocratic and gradient elution chromatography has been dis- 
cussed by many workers1-5. The most advanced studies, both theoretical and experi- 
mental, have been carried out by Snydes on adsorption liquid chromatography. 
Jandera and Churd&k6~‘, using the fundamental relationships of Snyder defining 
distribution coefficients in adsorption chromatography for single- and binary-soIvent 
mobile phases, derived theoretically the relationship between the capacity factor and 
the concentration of the more efficient eluting component in a binary-solvent mobile 
phase. A simplified version of this relationship is 
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where k;,,, isthecapacity ~atiofo~theithcompOnentof~emixturein~e binary- 
solvent mobile phase A-B, X, is the molar fraction (the term “concentration” will 
subsequently be used) of the more efZlcient eluting component B in the binary-solvent 
mobile phase A-B and a, and its are constants. It has also been shown6 that eqn. 1 
is valid. for ion-exchange chromatography. However, for partition mechanisms 
(liquid-liquid chromatography, salting-out ctiomatography and solubilization chro- 
matography on ion exchangers in mixed aqueous-organic media), a slightly different 
relationship has been derived? 

log k;m,I = log bl - ml x, 

where bi and ml are constants. The constants a,, n, and bi, ml can either be calculated 
thebretically by means of the parameters that characterize the sample being chro- 
matographed, the components of the mobile phase and the stationary phase, or can 
be determined directly from experimental data. : 

Eqns. 1 and 2, derived theoretically by Jandera and ChurZek6, have been 
obtained experimentally by several workers c11. The systematic experimental studies 
of Bieganowska and SoczewiliskP2 showed that the classiftcation of chromatographic 
systems, as suggested by Jandera and ChurZek6, is not sufficiently accurate. The 
experimental dependences of log k& versus log xB and log k{Mj1 versus XB, published 
in the *resent literature, have been summtiized~ -and on this basis the types of 
chromatographic systems to which eqns. 1 and 2 apply have been distinguished. 

, Eqns. 1 and 2 describe satisfactorily a large number of experimental relation- 
ships between the capacity ratio and the concentration of component B. Hence the 
functions log k&I versus log x, and log k;AB,I versz~ x,, measured for differeat 
compounds, may be very useful in evaluating the optimal concentration-time function 
for the separation of a mixture. In this paper, we discuss the problems co~ected 
with the numerical evaluation of the concentration-time functions in chromatography 
using elution with a mobile phase (binary-solvent mixture) with a constant com- 
position in each step (stepwise elution chromatography). Such a type of gradient 
(st6pwise function) is more efI&ctive than a continuous function in many chromato- 
graphic separations13*14. 

EQUATIONS CHARACTERIZING OPTIMAL SEPARATION OF THE CHROMATO- 
GRAPHED SAMPLE 

The theoretical determination of resolution for a multi-component mixture is 
di&ult3~‘5. In order to describe the efficiency of separation fully, the resolution for 
each successive pair of compounds, i and i+ 1, must be calculated. If the resoxution 
of each such pair were at least greater than unity, then the separation of the given 
mixture would be good. -Another problem is the time of analysis. It may happen that 
the resolution is very high for a pair of compounds i and i+ 1 which indicates a large 
distance between the maxima of their chromatographic peaks, and consequently a 
considerable increase in the time of analysis. The optimal time for the separation of 
a multicomponent mixture can be obtained if the resolutions of consecutive pairs 
of components3 are the numbers from the interval (1, IS). Taking into consideration 
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Fig. 1. Schematic diagram for eqn. 3; for RlcIsr the value 1.5 is assumed. 

these two aspects (good resohttion and a short time of analysis), a condition can be 
written that should be satisfied for two successive symmetrical peaks: 

where Ii is the distance of the peak maximum from the start for the ith component, 
wL is the peak width for the ith component and R Lil.t is the optimal resolution for 
two successive peaks i and i-i- 1. The optimal resolution, RIII.L, should be chosen so 
that the distances Rt+I_L-~vz and Rltl_L-~vlfl are the maximal widths of the peaks of 
i and i+ 1, respectively (Fig. 1). Eqn. 3 can be re-written in a slightly different form: 

A vR,,,,, = vR~+~ - vRi = D RM.f cvR, + vR,,,) (4) 

where D = 2/d%, VRL is the retention volume of the ith component in the mixture 
and N is the total number of plates in the column. N is assumed to be independent 
of the type of compound and the composition of the mobile phase. Expressing the 
retention volume by means of the free volume of the column, V,, and the capacity 
factor, k;: 

VR, = v, (1 + k;) (5) 

from eqn. 4 we obtain: 

A&,., = k:,, - kl: = D R,,,., (k; t k;,, f 2) 0 

where k; and k;,, denote the capacity factors of the &h and (it 1)th component, 
respectively, and refer to the binary-solvent mobile phase A-B, i.e., k; = k&L and 

k;,, = kLm,t+r 
Now, we shall show the usefulness of eqn. 6 in the determination of the con- 

centration-time function for two-step elution chromatography. Eqns. 1 and 2 will 

be Used. 



Firstly, we shall discuss eqn. 1. If we wish to use the_ concenjmtion-time 
function to perform the separation of a given mixture, it is essential to know the 
concentration of the solvent B at tihich the elution of the fkst two components 
guarantees aresolution R,,, within the range l-1.5. This concentration can be defined 
numerically from the equation that is obtained on substituting eqn. I in eqn. 6: 

where x1 is the molar fraction at which components 1 and 2 are eluted. When n, = n,, 
eqn. 7 has an analytical solutio&: 

where 

. The next step is often necessary in order to shorten the retention time of a 
component, i.e., to approximate the peak of component if-l to that of component i. 
This effect can be achieved by increasing the concentration of the solvent B dircctily 
after elution of component i. The concentration at which component i+l should 
be eluted can be calculated from a modified eqn. 6 and eqn. 1. For this purpose, 
eqn. 6 should be re-written in the form 

where k;,, is an average capacity factor _ for the (i-i_ 1)th component which was 
initially eluting at the concentration x1 and subsequently at the concentration x2. 

Let us consider migration of component if 1 through a chromatographic 
column of length L (see Fig. 2b). The elution time of the component ii_ 1 is given by 

where 

2 RClWkl 

iRi+~ = Yi+l.t 2ql,[+1 + (l - Yh1.l) 2q2,(+l (11) 

L 
Yct1.t = (l)I+l 

L 
(12) 

and f~wtc, are the retention times of component r_t 1 at concentratious xX 
and x2, respectrvely and tRlcl is the time of elutiosrof component E‘+ 1 corresponding 
to the capacity. factor I;;,,. Substituting into eqn. 11 the fundamental relatiouship 

($3) 
..; 
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Fig. 2. IUustration of migration of components i and i i 1 in solvent program&. 

we obtain 

where 

Ln eqn~. 13-15, k;,,i,, and k&,L+l denote the capacity factors for the.componeut 
ii- 1 at the concentrations xl and xB respectively; tRo = L/v, where v is the linear 
velocity of the mobile phase. Combination of eqs, IO and 15 leads to 

Substituting eqn. 1 into eqn. 16 and taking into account the definition of ytirSi 
(see eqn. 21), we obtain the expression for the co~centratio~z x, at which component 
i-f- 1 should 

X* = 

Now we derive an expression for the parameter &r i, for which purpose the 

d.&ame k,, + 1 should be txkzulated. Let us consider the &ration of components r’ 
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and i+ 1 through the chromatographic column (see Fig. 2). Solvent of concentration 
x, should be introduced into the cohunn at such a time that its front wrll reatih the 
end- of column just as the peak of component i has been eluted completely, i.e., at 
the time tCst - tR . Hence the time of migration of component i-j- 1 at concentration 
x13 &* 1, is give: by 

The dis~tance Lo,l,, can be calculated from the expression 

L <1)1-i-l = &*+1 [ 
9 

1 + k;,,,,, 1 
From eqns. 19, 18 and 12, we have 

1 
Yrc1.r = -. 

C 
O-5 %)r 

4lWl = 

+ k;l,i (1 f ‘*‘y’ )] 

If L z‘- )til)i, this expression CZUI be reduced to 

k;ljL 

Yli1.d =k' 
U)ifl 

(18) 

(1% 

(20) 

(21) 

Substituting eqn. 1 into eqn. 20, we obtain an exact numerical value of the parameter 
JQ+~.~, which is necessary for CalcuIating the concentration x2 (see eqn. 17). A very 
simple expression for yr+r,r can be obtained from eqns. 21 and 1: 

For chromatographic systems that satisfy cqn. 2, the following equations are 
ana.logous to eqns. 7, 8, 17 and 22: 

bz 10 -TV?. 1 ( - D R,,,) - bl 10-ml*l (1 + D R2,J = 2 D R,,, (23 

for ml = m2 

1 x,.= _.log b~clu - rL1.3(1 -D &+d 
mi+, 

2 D &+,.i (1 + bt lo-“=) 1 

(24) 
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where 

B c+I.; = b,,J& (26) 

and 

332 p=-=ter 24+l_L is evaluated from eqns. 2 and 21. Eqn. 24 has been also proposed _ __. 
by Jaudcra and Chti&P. 

EVALUATION OF THE CONCENTRATION-TIME FUNCTION 

Let us now discuss the chromatographic separation of an n-component 
mixture. Assume that we know the relationships between the capacity factors and 
the concentration of solvent B in the mixture A-B for all components contained in 
the chromatographed sample. If the chromatographic system satistks eqn. 1, then 
eqns. 7,8, 17 and 22 are useful for pro gmmming the gradient. Eqns. 23-27 are used 
for programmin g the gradient in chromatographic systems that satisfy eqn_ 2. For 
the sake of illustration, we shall discuss eqns. 7, 8, 17 and 22. Let the sequence of 
elution of the components be 

Zl < 22 < . . . < 1, < If*1 < . . . < 1, (28) 

Series 28 is equivalent to the following series of capacity factors: 

Kl C k; < . . . < k; < k;,l < . . . < k,: 

However, for the determined concentration of solvent B, if n, = n2 = . . . = n,,; the 
following inequality is satisfied: 

For the sake of simplitkation, let us consider a mixture of compounds for which 
rzf = 1 (from numerous experimental studies it appears that for many compounds nL 
is close or equal to unity’“). In Fig. 3, the capacity factor (G) versus molar fraction 
of solvent B, Le., k: = a Jx, are presented for different values of a,. The initial con- 
centration, xl, at which compounds 1 and 2 should be eluted is calcuJated from 
eqn. 8, assumin g R,_, = 1. In order to obtain the resolution for the interval (1, 1.5) 
during separation of compounds i and i f t (where i > 2), the distance between the 
curves i and if 1 at the point x = x1 should satisfy the inequality 

for i = 1,2,3, . . . This inequality is equivalent to 

~(1 tD)f2D~&<~ a, (1 t 1.5 D) f 3 Dx, 

L-D L ic1 Q 1 - 1.5 D (32) 
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Fig. 3. Dependewes betwe& the capacity factor and the molar fraction of the more efficient eluding 
component calculated for different values of at. Tbe_solid lines denote the functions k’ = at/x (i = 
1,2,3,4,5) and the broken lines denote the functions kj = k’l,a f (1 - y,,s) Q/X (i = 4,s) The sub- 
scripts i _md j denote a given component of the chromatographed sinpIe_ 

for i = 1,2,3, . . . If the distances between the successive curves at the point x = xl, 
beginning from i 2 2, satisfy inequality 31, then these compounds will be separated 
at conkentition x%_ From Fig. 3, it appears that inequaliQ~ 31 is satisfied by com- 
pounds from 1 to 3 inclusive. The distance between the curves 3 and 4 at the point xl 
already exceeds the upper Iimit of the distance calcuIated for a resolution of 1.5. 
Hence the concentration xz at which component 4 will be eluted should be determined. 
This concentration is determined by means of eqn. 17, assuming the optimal value of 
the resolution I’&, which should be greater than unity but approximate to unity if 
the concentration x2 increases. The capacity ratio of each successive peak j, for 
j >, 4, is given by the euation 

(33) 
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for j 2 4. In Fig. 3, the broken lines present the functions IE; verst~~s x, for j > 4 and 
n, = 1. 

In order to obtain the resolution for the interval (1,1.5) for components with 
j > 4, the distances d,,,., between the curves j and j+ 1 at the point x = xt should 
be in the following range: 

D (E; f & f 2) =G &I.j < 1.5 D (E; f IE;,, + 2) 

j=4,5, . . . From eqn. 34, an interesting inequality can be deduced: 

&(I -j-D)-+20 E;(l f L5D)+3D 

1 -D 
< &;+I < 

1 - 1.5D 

or 

&;(<r +D)+2D 

1-D 

&(I -j- 1.5D)+-3D 

< - G,3 1 x2 

1 - 1.5 D 1 - r&.1., 

(34) 

(35) 

(36) 

The latter inequality is especially important in dete r-mining the resolutions for further 
pairs of components. From eqn. 36, the boundary parameters aJtl (j > 4) are ob- 
tained, which guarantee the resolution of further compounds for the interval (1, 1.5). 
From Fig. 3, it follows that at concentration x2 component 5 can be eluted. Proceeding 
in this way, elution concentrations can be found for other sample components. 
Knowing these concentrations as well as parameters a and n, the elutioa time (from 
the start to the end of the peak) for Individual components can be calculated. They are 

for i = 1,2,3 and (see Appendix) 

Thus, the concentration-time function presented in Fig. 4 corresponds to Fig. 3. In 
the above discussion, we assumed the resolutions for successive pairs of the com- 
ponents at a given concentration for the interval (I, 2.5). The upper limit of this 
interval may be higher than 1.5, depending on the particuhx mixture being chro- 
matographed. 

The evaluation of the optimal concentration-time function may be diEcult 
for many real chromatographic systems. Then, the position of successive peaks can 
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Fig. 4. Two-step gradient corresponding to Fig. 3. 

be regulated by changing the concentration x or by changing the- solvents in the 
mobile phase. 

APPENDIX 

Eqn. 38 defines approximately the elution time f<i,t,f, i-e-, the time from the 
sQ.rt to the end of the jth peak, for two-step elution. The tist term of this equation 
denotes the retention time of the jth component, i.e., the time from the start to the 
peak maximum, and it is de&xed by means of the average capacity factor, k;_ The 
other term in eqn. 38 defines approximately half of the peak width for the jth com- 
ponent and it is usually small in comparison with the Grst term. Although the jth 
peak is formed during alI steps of elution, it is formed mainly in the last step. There- 
fore, the peak width for stepwise elution may be equal to or greater than that for 
isocratic elution at concentration x2. Thus, the second term in eqn. 38 can be deter- 
mined by means of fez,, or f&_,. 
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